We classify uniruled compact Kähler threefolds whose groups of bimeromorphic selfmaps do not have Jordan property.
Introduction
Groups of automorphisms and bimeromorphic selfmaps of complex manifolds can have a very complicated structure. In many cases it is relatively easy to study them on the level of finite subgroups. Although even in the most simple situations such groups can contain infinitely many non-isomorphic finite subgroups, it often happens that certain important parameters of these subgroups are bounded. An example of such a behavior is provided by Jordan property. An old theorem due to C. Jordan states that the groups GL n (C) enjoy this property (see for instance [12, Theorem 36.13] ). J.-P. Serre This work is supported by the Russian Science Foundation under grant №18- 11-00121. pointed out that this is also the case for certain groups of geometric origin; namely, he proved ( [42, Theorem 5.3] , [43, Théorème 3.1] ), that the group of birational selfmaps of the projective plane over a field of zero characteristic is Jordan. Yu. G. Zarhin [50] found an example of an algebraic surface whose group of birational selfmaps is not Jordan, and V. L. Popov classified all such surfaces. Theorem 1.2 ([30, Theorem 2.32]). Let X be an algebraic surface over the field of complex numbers C. Then the group of birational selfmaps of X is not Jordan if and only if X is birational to a direct product E × P 1 , where E is an elliptic curve.
There are certain results concerning Jordan property for birational automorphism groups of higher dimensional algebraic varieties (see [34, Theorem 1.8] , [33, Theorem 1.8] , [4, Theorem 1.1] ). Furthermore, for birational automorphism groups of the projective plane and the three-dimensional projective space the bounds for the corresponding constants are known (see [48] and [35] ). Also, there are numerous results on Jordan property for diffeomorphism groups of smooth manifolds, and other groups of this kind, see [31] , [11] , [26] , [29] , [25] , [27] , [28] , and [49] .
For algebraic threefolds one has the following analog of Theorem 1.2. . Let X be a three-dimensional algebraic variety over C. Than its group of birational selfmaps is not Jordan if and only if X is birational either to E × P 2 , where E is an elliptic curve, or to S × P 1 , where S is a surface of one of the following types:
• an abelian surface; • a bielliptic surface;
• a surface of Kodaira dimension 1 such that the Jacobian fibration of its pluricanonical fibration is locally trivial (in Zariski topology).
Recently, there were attempts to study the groups of automorphisms and bimeromorphic selfmaps of complex manifolds from the point of view of Jordan property. In particular, in [39] (see also [37] ) the authors obtained a generalization of Theorem 1.2 for the case of compact complex surfaces. Jordan property for automorphism groups of threedimensional Moishezon compact complex manifolds was proved in [38] . However, for arbitrary compact complex manifolds of higher dimension the situation is still unclear because of the lack of appropriate techniques that would allow to work with their automorphism groups. On the other hand, it is known that compact Kähler manifolds exhibit many similarities with algebraic varieties, in particular on the level of automorphism groups (see [20] ).
In this paper we prove the following result adjacent to Theorem 1.3.
Theorem 1.4. Let X be a non-algebraic three-dimensional uniruled compact Kähler manifold. Suppose that its group of bimeromorphic selfmaps is not Jordan. Then X is bimeromorphic to the projectivization of a holomorphic vector bundle of rank 2 on a two-dimensional complex torus S of algebraic dimension 1. If moreover the algebraic dimension of X equals 2, then X is bimeromorphic to the direct product P 1 × S. In Section 2 we recall the necessary auxiliary assertions. In Section 3 we recall the definitions and the basic properties of uniruled and rationally connected manifolds, and also the basic properties of the maximal rationally connected fibration. In Section 4 we study the interaction between the maximal rationally connected fibration and the group of bimeromorphic selfmaps of a compact complex manifold. In Section 5 we study the properties of conic bundles over non-algebraic compact complex surfaces. Many results of this section are stated and proved in a more general form than we actually need in the present paper; we hope that this will fill the existing gap in the literature. In Section 6 we study the groups of bimeromorphic selfmaps of three-dimensional compact complex manifolds fibred into rational curves over a surface of algebraic dimension 0. In Section 7 we study the groups of bimeromorphic selfmaps of three-dimensional compact complex manifolds fibred into rational curves over a surface of algebraic dimension 1, and complete the proof of Theorem 1.4. We use the following notation and conventions. A complex manifold is an irreducible smooth reduced complex space. A morphism is a holomorphic map of complex manifolds. By a(X) we denote the algebraic dimension of a compact complex manifold X, and by κ(X) we denote its Kodaira dimension. For a complex manifold Z by its typical point we mean a point from a non-empty subset of the form Z \ ∆, where ∆ is a closed analytic subset in Z. A typical fiber of a morphism of complex manifolds is defined in a similar way.
Let τ : X Y be a meromorphic map of complex manifolds, and let γ : X X be a bimeromorphic map; we will say that the action of γ is fiberwise with respect to τ , if for every fiber F of the map τ such that γ is defined at least at one point of F , the image of every such point under γ is again contained in F .
If X is a compact complex manifold, then K X will denote the canonical line bundle on X. By Ω p X we denote the vector bundle of holomorphic p-forms on X. The Hodge numbers h p,q (X) are defined as the dimensions of the cohomology groups H q (X, Ω p X ). In particular, if dim X = n, then the geometric genus of X is defined as p g (X) = h n,0 (X).
By p a (D) we denote the arithmetic genus of a projective scheme D.
We are grateful to T. Bandman, F. Campana, S. Nemirovski, and Yu. Zarhin for useful discussions.
Preliminaries
In this section we recall the necessary facts about complex manifolds and meromorphic maps.
Let us say that a group Γ has bounded finite subgroups if there exists a constant B = B(Γ) such that the order of any finite subgroup of Γ does not exceed B.
be an exact sequence of groups. Suppose that the group Γ ′′ has bounded finite subgroups. Then the group Γ is Jordan (respectively, has bounded finite subgroups) if and only if the group Γ ′ is Jordan (respectively, has bounded finite subgroups).
Proof. Obvious.
We will need some basic facts about bimeromorphic geometry of complex manifolds. The reader can find more details on this in [45] and [17] .
Definition 2.2.
A proper morphism f : X → Y of (not necessary compact) complex manifolds is called a (proper) modification, if there exist closed analytic subsets V X and W Y such that f induces an isomorphism
is an irreducible closed analytic subset of the complex manifold X ×Y , and the first projection pr X : Graph f → X is a modification. For every meromorphic map f : X Y there exists the minimal closed analytic subset V ⊂ X such that the restriction f | X\V is holomorphic. This subset is called the indeterminacy locus of the map f . A typical fiber of f is a typical fiber of the projection pr Y : Graph f → Y. A meromorphic map is called bimeromorphic if the projection pr Y is also a modification. The set of all bimeromorphic maps X X is a group which we will denote by Bim(X).
Note that in the case when X and Y are smooth complex projective algebraic varieties, according to the GAGA principle the graph Graph f of a meromorphic map f : X Y is an algebraic subvariety of X × Y , and thus f is also a rational map in this case. In particular, for a smooth complex projective algebraic variety X the group Bim(X) defined above coincides with the group of birational automorphisms of X.
It is clear that a bimeromorphic map f : X Y induces an isomorphism of the fields of meromorphic functions
However, unlike the algebraic case, such an isomorphism does not usually define the map f .
Recall that a complex manifold is said to be Kähler, if it has a Hermitian metric such that the corresponding (1, 1)-form ω is closed; in this case ω is called the Kähler form. All complex tori are Kähler manifolds. Examples of Kähler manifolds covered by rational curves can be obtained from the following statement. Jordan property is also known to hold for automorphism groups of certain special compact complex manifolds. Lemma 2.6 (see [44, Corollary 5.9] ). Let S be a complex torus. Let X be a compact complex manifold, and let τ : X → S be a flat surjective morphism whose typical fiber is isomorphic to P 1 . Suppose that X is not bimeromorphic to a projectivization of a holomorphic vector bundle of rank 2 on S. Then the group Bim(X) is Jordan.
We will need some auxiliary assertions about compact complex surfaces. The following fact is well-known. Proof. Suppose that there exists an irreducible curve Z on S that is not contained in a fiber of the algebraic reduction θ of S. Let F be a typical fiber of θ. Then F 2 = 0 and F · Z > 0. Thus, for n ≫ 0 one has (Z + nF ) 2 > 0 and (Z + nF ) · F > 0. Now the assertion follows from Lemma 2.7.
Recall that a compact complex surface S is called minimal if it does not contain any smooth rational curves with self-intersection −1. There exists a Kodaira-Enriques classification of minimal compact complex surfaces, see [10, Chapter VI] . Recall in particular that a compact complex surface of non-negative Kodaira dimension is nonruled (that is, it is not covered by rational curves). Any non-algebraic Kähler compact complex surface has non-negative Kodaira dimension. subgroups. Then S is bimeromorphic to a surface of one of the following types:
• a complex torus; • a bielliptic surface; • a Kodaira surface;
• a surface of Kodaira dimension 1. Moreover, in the first three cases the group Bim(S) always has unbounded finite subgroups.
The following assertion is well-known, but we provide its proof for the reader's convenience. Proof. If a(S) = 1, then by Corollary 2.8 every effective divisor D on S is contained in the fibers of the algebraic reduction of S. The latter is an elliptic fibration, and thus in this case it is obvious that p a (D) 1. Therefore, we will assume that a(S) = 0.
Consider the exact sequence of sheaves
It gives the exact sequence of cohomology groups
Thus we obtain
h 1 (D, O D ) h 1 (S, O S ) + h 2 (S, O S (−D)).
Serre duality implies
Since a(S) = 0, the space of global sections of any line bundle on S has dimension at most 1. Hence
Recall that h 1 (S, O S ) = h 0,1 (S) h 1,0 (S) + 1, see for instance [10, Theorem IV.2.7]. Furthermore, since a(S) = 0, one has h 1,0 (S) 2, see [10, Proposition IV.8.1(ii)]. Therefore, we obtain
This gives
and thus h 0,1 (S) > 0 by (2.1). In particular, we have rk H 1 (S, Z) > 0.
Hence for any positive integer n there exists an unramified n-fold covering π : S ′ → S (see for instance [10, Proposition I.18.1(i)]). Set D ′ = π * (D). Then D ′ is a non-zero effective divisor on a compact complex surface S ′ . Since S ′ has zero algebraic dimension, the above arguments show that p a (D ′ ) 4. On the other hand, we have
The obtained contradiction shows that the inequality p a (D) > 1 is impossible.
Lemma 2.13. Let S be a compact Kähler surface of algebraic dimension 0, and let D be a connected reduced effective divisor on S.
Then p a (D) = 0.
Proof. In this case the minimal model S min of the surface S is either a complex torus or a K3 surface. If p a (D) > 0, then the dimension of the linear system |D| is positive. On the other hand, since a(S min ) = 0, the surface S min contains at most a finite number of curves, see [10, Theorem IV.8.2] . Hence the support of any connected divisor on S min is a tree of smooth rational curves. Therefore, the same holds for the surface S.
Remark 2.14. Let S be a non-algebraic compact complex surface. Then S contains at most a finite number of rational curves. Indeed, if a(S) = 0, then S contains a finite number of curves at all by [10, Theorem IV.8.2]. If a(S) = 1, then it follows from Corollary 2.8 that all the curves on S are contained in the fibers of its algebraic reduction, and it remains to notice that a typical fiber of the latter is an elliptic curve. A similar argument shows that a non-algebraic compact complex surface contains at most a finite number of singular curves.
Uniruled manifolds
In this section we recall the definitions and the main properties of uniruled and rationally connected manifolds as well as main properties of rationally connected fibrations.
A compact complex manifold is said to be uniruled if it can be covered by rational curves. More precisely, a compact complex manifold X is uniruled if there exist compact complex manifolds U and Z and morphisms
X such that a typical fiber of π is a smooth rational curve, and the morphism ϕ is surjective and does not contract a typical fiber of the morphism π. This is equivalent to the existence of a compact complex manifold Y , a holomorphic rank 2 vector bundle E on Y , and a dominant meromorphic map
which does not factor through the projection 
Theorem 3.2 ([13], [18] ). Let X be a compact Kähler manifold of dimension at most 3. Then X is uniruled if and only if κ(X) = −∞.
We need the following sufficient condition for algebraicity of Kähler manifolds. Proposition 3.3. Let X be a compact Kähler manifold. Assume that H 0 (X, Ω 2 X ) = 0. Then X is a projective algebraic variety. Proof. In this case H 2 (X, C) = H 1,1 (X) and so the (1, 1)-form associated with a Kähler metric is integral (i. e. X is a Hodge manifold). Therefore, it is projective by the Kodaira criterion [21] .
We will also use one more general sufficient condition for algebraicity. Recall that an n-dimensional complex manifold is called Moishezon if the transcendence degree of its field of meromorphic functions equals n. It is well-known that a compact Kähler Moishezon manifold is a projective algebraic variety, see [24, Theorem 11] .
Lemma 3.4 (see [45, Proposition 12.2] ). Let X be a compact complex manifold, Y be a Moishezon manifold, and h : X → Y be a morphism. Assume that a typical fiber of h is a rational curve. Then the manifold X is Moishezon. If moreover X is Kähler, then it is a projective algebraic variety.
A compact complex manifold X is said to be rationally connected if two typical points of X can be connected by a rational curve. More precisely, X is rationally connected if there exist compact complex manifolds U and Z and morphisms
X such that a typical fiber of π is a rational curve, and the induced map
is surjective. This definition is taken from [22, Definition IV.3.2] and is a little bit different from [5, Definition 3.1]. It is easy to see that they are equivalent. It is also clear that rational connectedness is a bimeromorphic invariant. . Let X be a rationally connected compact complex manifold. Then X carries no global holomorphic (pluri)forms:
Proof. This fact was proved in [22, Corollary IV.3.8] for projective algebraic manifolds. The proof works in the general case as well.
Let X and S be compact complex manifolds. A dominant meromorphic map f : X S is called rationally connected fibration if its typical fiber is irreducible and rationally connected. A rationally connected fibration is called maximal if for its sufficiently general fiber X s and sufficiently general point x ∈ X s there exists no rational curve C ⊂ X that passes through x and is not contained in X s ; here by a sufficiently general point we mean a point from the complement to the union of a countable number of proper closed analytic subsets, and by a sufficiently general fiber we mean a fiber over a sufficiently general point. If such a map exists, then it is unique; in particular, it is eqiuivariant with respect to the action of the group of bimeromorphic automorphisms of the complex manifold. The maximal rationally connected fibration exists for arbitrary compact Kähler manifold [6, Theorem 2.3, Remark 2.8].
Remark 3.6. A compact complex manifold is rationally connected if and only if the base of its maximal rationally connected fibration is a point.
Using Proposition 3.3, it is easy to deduce the following result. Recall that in the category of compact complex spaces there exists a resolution of singularities (see, e. g., [3] ). Corollary 3.7. Let X be a compact Kähler manifold, and let τ : X S be a rationally connected fibration. Assume that X is not algebraic. Then h 2,0 (S) = 0.
Proof. Replacing X with another bimeromorphic model we may assume that the map τ is holomorphic. If h 2,0 (S) = 0, then h 2,0 (X) = 0 (because the fibers of τ are covered by rational curves). Therefore, X is algebraic by Proposition 3.3, which contradicts our assumptions.
Corollary 3.8. Let X be a non-algebraic compact Kähler manifold, and let τ : X S be a rationally connected fibration. Then dim S 2. In particular, X is not rationally connected. If dim S = 2, then S is a Kähler surface with p g (S) > 0. In particular, the Kodaira dimension of S is non-negative.
Proof. According to Corollary 3.7 we have h 2,0 (S) = 0, and therefore the dimension of S cannot be less than 2. In particular, S is not a point, i. e. by Remark 3.6 the manifold X is not rationally connected. If S is a surface, then according to the above the inequality p g (S) > 0 holds and so κ(S) 0. Moreover, the surface S is Kähler by [46, Theorem 5] , because Kählerness is preserved under bimeromorphic maps of compact complex surfaces.
The following assertion is a partial generalization of Corollary 3.8. Note that for the proofs of the main results of this paper such generality is not needed. Proposition 3.9 ([16], [9, §3] ). Let X be a compact Kähler manifold, and let τ : X Y be the maximal rationally connected fibration. Then Y is not uniruled.
Proof. Let φ : Y Z be the maximal rationally connected fibration of Y . Suppose that dim Z < dim Y . We may assume that τ and φ are holomorphic maps. Also, we may assume that the manifold Y is Kähler, see [46, Theorem 5] . Let F be a typical fiber of the composition φ • τ . Then F is a Kähler manifold. Hence there exists a rationally connected fibration F → τ (F ) over the rationally connected base τ (F ). As in the proof of Corollary 3.7, we obtain h 2,0 (F ) = h 2,0 (τ (F )) = 0.
Thus F is a projective algebraic variety.
According to [16, Corollary 1.3] , the variety F is rationally connected. Hence, we have the equality dim Z = dim Y , a contradiction. Theorem 3.10. Let X be a compact Kähler rationally connected manifold. Then X is a projective algebraic variety.
Proof. Note that the vector bundle Ω 2 X is a direct summand of the vector bundle (Ω 1 X ) ⊗2 . Hence it follows from Proposition 3.5 that H 0 (X, Ω 2 X ) = 0. It remains to apply Proposition 3.3. There is a classification of non-algebraic uniruled compact Kähler threefolds which describes them in terms of their maximal rationally connected fibrations. We do not use this classification, however we provide it here for completeness. . Let X be a compact Kähler threefold. Assume that X is not algebraic, and κ(X) = −∞. Let η : X B be the algebraic reduction, and let τ : X S be the maximal rationally connected fibration. Then dim S = 2, and one of the following cases occurs.
(i) a(X) = 0, a(S) = 0; in this case S is either a complex torus or a K3 surface. (ii) a(X) = 1, a(S) = 0; in this case X is bimeromorphic to P 1 ×S, where S is either a complex torus or a K3 surface. 
where C is a curve, B → C is a fibration with typical fiber P 1 , and S → C is the algebraic reduction. The induced map
is dominant.
Maximal rationally connected fibration
In this section we study the relation between maximal rationally connected fibrations with structure of groups of bimeromorphic automorphisms of complex manifolds.
For a meromorphic map γ : X Y of compact complex manifolds, by ind(γ) we denote its indeterminacy locus. This is the minimal proper closed analytic subset in X such that the restriction γ| X\ind(γ) is holomorphic. Recall that the codimension of ind(γ) is at least two.
Given a surjective morphism of compact complex manifolds h : X → Z, we will consider the subgroup Bim(X) h in Bim(X) that consists of bimeromorphic selfmaps whose action is fiberwise with respect to h. Also, we will consider the subgroup Bim(X) hol h in Bim(X) h consisting of bimeromorphic selfmaps γ that are holomorphic on a typical fiber of h (the set of such fibers may depend on γ). Lemma 4.1. Let X and Z be compact complex manifolds, and h : X → Z be a surjective morphism with connected fibers. Let G i , i ∈ N, be a countable family of finite subgroups in Bim(X) h (respectively, in Bim(X) hol h ). Then there exists a smooth, irreducible, and reduced fiber F of the map h of dimension dim X − dim Z such that all the groups G i are embedded into the group Bim(F ) (respectively, into the group Aut(F )). Moreover, if dim Z > 0, and we are given a countable union Ξ of proper closed analytic subsets in Z, then the fiber F can be chosen so that the point h(F ) does not lie on Ξ.
Proof. Let the set ∆ ⊂ Z consist of those points over which the morphism h is not smooth.
Chose a non-trivial bimeromorphic map γ contained in the group Bim(X) h . Consider the set ∇ γ ⊂ Z consisting of all the points P for which ind(γ) ⊃ h −1 (P ). Thus the map γ is defined in a typical point of the fiber h −1 (P ) over P ∈ Z \ ∇ γ .
Consider also the subset ∆ γ ⊂ Z \ ∇ γ consisting of all the points P such that for a typical point Q ∈ h −1 (P ) one has h(Q) = Q. Then for any point P ∈ ∆ ∪ ∆ γ ∪ ∇ γ the map γ defines an element γ| F of the group Bim(F ), where F = h −1 (P ), and if γ is non-trivial, then the element γ| F is also non-trivial. Moreover if γ ∈ Bim(X) hol h , then γ| F ∈ Aut(F ) ⊂ Bim(F ).
It is obvious that the sets ∆, ∆ γ , and ∇ γ are proper closed analytic subsets in Z. If dim Z > 0, fix also a subset Ξ which is a countable union of proper closed analytic subsets in Z. Since the field C is uncountable, Z cannot be represented as a union of a countable number of proper closed analytic subsets. Hence the complement
is non-empty. It remains to note that fiber of the map h over any point from U satisfies the desired properties.
Corollary 4.2. Let X and Z be compact complex manifolds, and h : X → Z be a surjective morphism with connected fibers. Assume that the group Bim(X) h (respectively, the group Bim(X) hol h ) is not Jordan. Then for a typical fiber F of the map h, the group Bim(F ) (respectively, the group Aut(F )) is not Jordan.
Proof. In the group Bim(X) h (respectively, in the group Bim(X) hol h ) one can find a countable number of subgroups G i , i ∈ N, such that all G i cannot simultaneously appear as subgroups in any Jordan group. On the other hand, by Lemma 4.1 all the groups G i are embedded into the group Bim(F ) (respectively, into the group Aut(F )) for a typical fiber F of the map h. . Let X and Z be compact complex manifolds, and h : X → Z be a surjective morphism with connected fibers. Assume that a typical fiber of the map h has dimension 1. Then the group Bim(X) h is Jordan.
Proof. Assume that the group Bim(X) h is not Jordan. From Corollary 4.2 we obtain that, for some smooth irreducible one-dimensional fiber F of the map h, the group Bim(F ) = Aut(F ) is not Jordan. This gives an obvious contradiction. Corollary 4.5. Let X and Z be compact complex manifolds, and h : X → Z be a surjective morphism with connected fibers. Assume that a typical fiber of the map h has dimension 2. Then the group Bim(X) hol h is Jordan. Proof. Assume that the group Bim(X) hol h is not Jordan. From Corollary 4.2 we obtain that, for some smooth irreducible two-dimensional fiber F of the map h, the group Aut(F ) is not Jordan. However this is impossible by [39, Theorem 1.6] . and h : X → Z be a surjective morphism with connected fibers. Assume that the manifold X is Kähler. Then the group Bim(X) hol h is Jordan.
Proof. Assume that the group Bim(X) hol h is not Jordan. From Corollary 4.2 we obtain that, for some smooth irreducible fiber F of the map h, the group Aut(F ) is not Jordan. However this is impossible by Theorem 2.5 because F is a compact Kähler manifold. Now we prove the main result of this section. Proposition 4.7. Let X be a compact complex manifold, and S be a compact complex surface. Let τ : X S be a rationally connected fibration. Assume that the surface S has non-negative Kodaira dimension, and S is not an algebraic surface. Assume also that one of the following two conditions holds:
• the dimension of X equals 3;
• the manifold X is Kähler.
Finally, assume that the group Bim(X) is not Jordan. Then the surface S is bimeromorphic to a complex torus.
Proof. Since κ(S) 0, the surface S is not ruled. Therefore, the map τ is equivariant with respect to the whole group Bim(X). Hence there is an exact sequence of groups
We may assume that the map τ is holomorphic. Since the group Bim(X) is not Jordan, the group Bim(S) has unbounded finite subgroups. In the case when dim X = 3, this follows from Corollary 4.4 and Lemma 2.1. In the case when the manifold X is Kähler, this follows from Corollary 4.4 and Lemma 2.1.
Since the Kodaira dimension of the surface S is non-negative and the group Bim(S) has unbounded finite subgroups, S is bimeromorphic either to a complex torus, or to a bielliptic surface, or to a Kodaira surface, or to a surface of Kodaira dimension 1, see Proposition 2.11. Since the surface S is not algebraic, it cannot be bimeromorphic to a bielliptic surface. We may assume that the surface S is minimal.
Suppose that either S is a Kodaira surface, or κ(S) = 1. In the former case consider its algebraic reduction φ : S → C. In the latter case consider the pluricanonical fibration φ : S → C (which also coincides with the algebraic reduction under our assumptions). In both cases put ψ = φ • τ . These maps form a Bim(X)-equivariant commutative diagram (4.1)
Consider the subgroups Bim(X) ψ and Bim(X) hol ψ in Bim(X). Let γ be an arbitrary element of Bim(X) ψ . Since a(S) = 1, by Corollary 2.8 it does not contain any curves which are surjectively projected to C. Therefore, τ (ind(γ)) is contained in a union of a finite number of fibers of the map φ, and ind(γ) is contained in a union of a finite number of fibers of the map ψ. In other words, one has γ ∈ Bim(X) hol ψ . This implies that the group Bim(X) ψ coincides with its subgroup Bim(X) hol ψ . In particular, the group Bim(X) ψ is Jordan; if the dimension of X is equal to 3, then this follows from Corollary 4.5, and if X is Kähler, then this follows from Corollary 4.6.
Since the surface S is minimal, one has Bim(S) = Aut(S) by Lemma 2.9. Consider the subgroup Aut(S) φ in Aut(S) consisting of those automorphisms of S whose action is fiberwise with respect to φ. There are exact sequences of groups
where the groups Γ ψ and Γ φ are subgroups in Aut(C). Since the diagram (4.1) is commutative, we see that Γ ψ ⊂ Γ φ . On the other hand, the group Γ φ is finite by Lemma 2.10. Now we conclude from Lemma 2.1 that the group Bim(X) is Jordan. The obtained contradiction shows that S is not a Kodaira surface, and κ(S) = 1, so S is a complex torus.
Remark 4.8. If in the notation of Proposition 4.7 the manifold X is Kähler, and τ is the maximal rationally connected fibration, then some other hypotheses are satisfied automatically. Namely, the surface S has non-negative Kodaira dimension by Corollary 3.8 (and also S is non-algebraic by Lemma 3.4 under the additional assumption that the dimension of X is equal to 3). Moreover, in this case the surface S is Kähler by Corollary 3.8, and so in the proof we do not need to consider the case where S is a Kodaira surface.
Remark 4.9. If in the notation of Proposition 4.7 the surface S is a complex torus, then τ : X S is nothing but the Albanese map. In particular, in this case τ is a holomorphic map.
Conic bundles over non-algebraic surfaces
In this section we study the properties of conic bundles over nonalgebraic compact complex surfaces. Many results of this section are stated and proved in greater generality than we need in the present paper. For a conic bundle f : X → S the set of points in which the map f is not smooth forms a divisor ∆ on S which is called the discriminant divisor or the degeneracy divisor. The following assertion is well known, see, e. g., [32, Assume furthermore that there exists an irreducible component ∆ 1 ⊂ ∆ which is a smooth rational curve. Then the intersection of ∆ 1 and ∆ − ∆ 1 is non-empty and consists of an even number of points.
Remark-Definition 5.4. Let S be a non-algebraic compact complex surface, and let S min be its minimal model. Then there is at most a finite number of singular curves on S min by Remark 2.14. Hence there exists a sequence of blowupsS → S min such that any curve onS has only ordinary double singularities, andS satisfies the universal property: if S ′ is a compact complex surface bimeromorphic toS and such that any curve on S ′ has only ordinary double singularities, then one has a modification S ′ →S. In particular, such a surfaceS is unique. We call it an almost minimal surface, or the almost minimal model of the surface S.
Remark 5.5. For applications in the framework of this paper we need only conic bundles over surfaces bimeromorphic to complex tori. It is easy to see that the almost minimal model of any such surface is exactly the complex torus.
Remark 5.6. If a compact complex surface S is non-algebraic, then by Lemma 2.12 any curve on S min (and also onS and S) has arithmetic genus at most 1. If furthermore S is Kähler and a(S) = 0, then any connected curve on S min ,S, and S has arithmetic genus 0 by Lemma 2.13.
The following assertion is an analog of the reduction to a standard form in the projective case [41] , [1] .
Proposition 5.7 (see [23, Proposition 3.8] ). Let X be a compact complex threefold, and S be a non-algebraic compact complex surface. Let f : X S be a rationally connected fibration. LetS be the almost minimal model of the surface S. Then there exists a commutative diagram
where the horizontal arrows are bimeromorphic maps, andf :X →S is a standard conic bundle. Here the discriminant curve of the conic bundlef is either empty, or is a disjoint union of smooth elliptic curves, rational curves with one ordinary double point, and combinatorial cycles of smooth rational curves.
Proof. According to [23, Proposition 3.8] , there exists a standard conic bundle f ′ : X ′ → S ′ fiberwise bimeromorphic to f , where S ′ is some bimeromorphic model of the surface S. Let ∆ ′ be the discriminant curve of f ′ . By Lemma 5.3 and Remark 5.6 each connected component ∆ ′(i) ⊂ ∆ ′ is either a smooth elliptic curve, or a rational curve with one ordinary double point, or a combinatorial cycle of smooth rational curves.
According to Remark-Definition 5.4, we have a modification σ : S ′ →S.
Assume that S ′ =S. Then the σ-exceptional locus contains at least one (−1)-curve C ′ . Again according to Lemma 5.3 and Remark 5.6, the curve C ′ either does not intersect the discriminant divisor ∆ ′ , or is contained in ∆ ′ , and then
In this case we can apply to X ♯ a sequence of bimeromorphic transformations described in [19, Lemma 4] or [32, Proposition 8.5] , contract all (−1)-curves on S ′ and obtain a standard conic bundle overS. Proposition 5.7 implies the following Corollary 5.9. Let X be a compact complex threefold, and S be a non-algebraic compact complex surface bimeromorphic to a complex torus S 0 . Let τ : X S be a rationally connected fibration. Assume that X is not bimeromorphic to the projectivization of a holomorphic rank 2 vector bundle on S 0 . Then the group Bim(X) is Jordan.
Proof. By Proposition 5.7 and Remark 5.5 we may assume that the surface S = S 0 is a complex torus, and the map τ is holomorphic and it is a conic bundle. In this case the desired assertion follows from Lemma 2.6.
The following proposition refines some results obtained in [23] . We do not use it in the proofs of the main results of the present paper.
Proposition 5.10. Let f : X → S be a standard conic bundle, where X is a compact complex threefold, and S is an almost minimal non-algebraic compact complex surface. Let ∆ ⊂ S be the discriminant curve of the conic bundle f . Then any bimeromorphic map ϕ : X X fits into the following commutative diagram
where δ is an isomorphism. Moreover, the map ϕ cannot contract components of the divisor f −1 (∆) and so δ(∆) = ∆.
Proof. Since the surface S is non-algebraic, the number of rational curves on S is finite by Remark 2.14. Therefore, f : X → S is the maximal rationally connected fibration. Hence the map ϕ is fiberwise, i. e. we have the diagram (5.1) with a bimeromorphic map δ. According to the universal property (see Remark-Definition 5.4) this map is an isomorphism. For convenience, we write our map as follows:
where X ′ = X ′′ = X. Put
Thus, ∆ ′ (respectively, ∆ ′′ ) is the discriminant curve of the conic bundle f ′ : X ′ → S (respectively, f ′′ : X ′′ → S), and the diagram (5.1) is rewritten as the following commutative diagram
Here the action of ϕ is fiberwise. Assume that ϕ contracts an ir- meeting transversally at one point. Since D ′ is lifted from S, one has D ′ · C ′ i = 0. On the other hand, the irreducible divisor D ′ is contracted by the map ϕ, and so it must have negative intersections with all curves which are contained in D ′ , are contracted by the map ϕ, and in a neighborhood of which ϕ is holomorphic. Therefore, both curves C ′ 1 and C ′ 2 must intersect the indeterminacy locus ind(ϕ), which in a neighborhood of the fiber C ′ coincides with ϕ −1 (D ′′ ).
Consider the germ of an analytic curve Υ ⊂ S transversally meeting Λ at o. Consider the surfaces
Thus, V ′ is the inverse image of V ′′ with respect to the map ϕ, and we have a bimeromorphic map ϕ V : V ′ V ′′ . The natural projections
fibrations whose typical fiber is a smooth rational curve, and the curves C ′ = V ′ ∩ D ′ and C ′′ = V ′′ ∩ D ′′ are fibers over the point o of the maps f ′ V and f ′′ V , respectively. Note that the curve C ′′ is contracted by the map ϕ −1 V , so that the map ϕ V is not holomorphic. On the other hand, its indeterminacy locus ind(ϕ V ) is contained in C ′ ; moreover, in a neighborhood of C ′ the set ind(ϕ V ) coincides with ind(ϕ). Consider a resolution of indeterminacies:
We may assume that this resolution is minimal, i. e. it has the minimal possible Picard number. Then none of the (−1)-curves onṼ can be simultaneously contracted by both maps p and q. Hence there exists a (−1)-curveẼ which is q-exceptional but not p-exceptional. Since the map ϕ −1 V is an isomorphism on the complement to the curve C ′′ , we conclude from the commutativity of the diagram (5.2) that p(Ẽ) is contained in C ′ . Then p(Ẽ) coincides with one of the irreducible components of C ′ , say, one has p(Ẽ) = C ′ 1 . Since C ′2 1 = −1 =Ẽ 2 , the map p must be an isomorphism near C ′ 1 . Thus, the indeterminacy locus ind(ϕ V ) = ϕ −1 V (C ′′ ) does not intersect C ′ 1 . Therefore, the indeterminacy locus ind(ϕ), which coincides with ϕ −1 (D ′′ ) in a neighborhood of C ′ , also does not intersect C ′ 1 . But this contradicts the observation made above. Hence the map ϕ cannot contract the divisor f ′−1 (Λ). This proves the proposition.
Case a(S) = 0
In this section we consider compact complex threefolds having a structure of a rational curve fibration over a surface of algebraic dimension 0. Remark 6.1. Let f : X → S be a standard conic bundle over a compact Kähler surface of algebraic dimension 0. Then f is a smooth morphism such that all the fibers of f are isomorphic to P 1 , see [23, Proposition 3.10] . For proofs of our results we do not need this assertion: we will use a weaker (but more general) Proposition 5.7.
The following assertion is a particular case of [2, Corollary 3.1]. We provide its proof for the reader's convenience. Lemma 6.2. Let S be a compact complex surface that does not contain any curves (and in particular has algebraic dimension 0). Let f : X → S be a standard conic bundle. Then the group Bim(X) acts biholomorphically on X.
Proof. Since the surface S does not contain any (rational) curves, f is the maximal rationally connected fibration. In particular, f is eqiuivariant with respect to the group Bim(X).
Assume that an element γ ∈ Bim(X) contracts an irreducible divisor D ⊂ X. Then D is a ruled surface. This implies that f (D) = S. Since S does not contain any curves, the image f (D) must be a point; this is impossible, because all the fibers of f are one-dimensional. Note also that the surface S is minimal, and so the map S S induced by γ is an isomorphism by Lemma 2.9.
Thus, γ does not contract any divisors. The same is true for the inverse map γ −1 . Therefore, γ is an isomorphism in codimension 1, i. e. there exist closed analytic subsets Z 1 , Z 2 ⊂ X such that codim X Z i = 2 and the restriction
is an isomorphism. For every holomorphic line bundle L on X, the pull-back γ * U 1 L | U 2 is a holomorphic line bundle on U 1 whose transition functions are pullbacks of the transition functions of the line bundle L via the isomorphism γ U 1 . Since codim X Z 1 = 2, by Hartogs's extension theorem these can be uniquely extended to invertible holomorphic functions that define a holomorphic line bundle on the whole manifold X. Denote this line bundle by γ * L . Note that in the case L = K −1 X one has
Since the anticanonical line bundle K −1 X is relatively very ample, it induces an embedding X → P(E ), where E = f * K −1 X . In view of the isomorphism (6.1) we obtain a commutative diagram
This implies that γ is an isomorphism. Remark 6.3. In Lemma 6.2 it is not sufficient to assume that the surface S has algebraic dimension 0. Indeed, if S contains a curve C, then passing to a suitable bimeromorphic model of S we may suppose that C is non-singular. In this case the conic bundle X = S × P 1 admits elementary transformations over the curve C.
Now we can to prove the main result of this section. Note that it can be obtained as a particular case of [2, Theorem 1.2]. Theorem 6.4. Let X be a compact complex threefold, and S be a compact complex surface with κ(S) 0 and a(S) = 0. Let τ : X S be a rationally connected fibration. If a(S) = 0, then the group Bim(X) is Jordan.
(in particular, if R = ∅), then the map η = η Y • ζ has non-connected fibers over the points of the open set B \ η Y (R), which is impossible by our assumption. Let R ′ be some irreducible component of the divisor R which is mapped surjectively to B. Then the restriction of the map η Y to R ′ is finite over a typical point of B, which implies that R ′ is an algebraic surface. Since the surface S is not algebraic, the restriction of the map τ Y to R ′ cannot be finite over a typical point of S. Therefore, the image τ Y (R ′ ) is contained in a curve on S.
Note that a(S) = 1, and θ is the algebraic reduction for S. Hence none of the curves on S maps surjectively to C by Corollary 2.8. From this we see that the image of θ • τ Y (R ′ ) is a point. On the other hand, the morphism σ • η Y surjectively maps R ′ to C which gives a contradiction with the commutativity of the diagram (7.1).
Corollary 7.2. Let X be a compact complex threefold of algebraic dimension 2, and S be a compact complex surface bimeromorphic to a complex torus. Assume that a(S) = 1. Let τ : X S be a rationally connected fibration. Then the manifold X is bimeromorphic to S × P 1 .
Proof. Consider the algebraic reduction η : X B, where dim B = 2 by our assumption. We may assume that the maps τ and η are holomorphic, and B is a non-singular surface. Moreover, by Proposition 5.7 and Remark 5.5 we may assume that the surface S is a complex torus. Then its algebraic reduction θ : S → C is an elliptic fibration over some elliptic curve C.
Since η does not contract a typical fiber of the map τ , the surface B is ruled. The embedding of the fields of meromorphic functions M (C) ⊂ M (X) = M (B) induces a map σ : B C which must be a morphism with rational fibers (in fact, the morphisms τ : X → S and σ : B → C are Albanese maps). By Lemma 7.1 the manifold X is bimeromorphic to the fiber product S× C B. Since the ruled surface B is bimeromorphic to C × P 1 , the threefold X is bimeromorphic to S × P 1 . Corollary 7.3. Let X be a compact complex threefold, and S be a nonalgebraic compact complex surface of non-negative Kodaira dimension. Let τ : X S be a rationally connected fibration. Assume that the group Bim(X) is not Jordan. Then the surface S is bimeromorphic to a complex torus, and the threefold X is bimeromorphic to the projectivization of a holomorphic rank 2 vector bundle on this complex torus. Moreover, if a(X) = 2, then the threefold X is bimeromorphic to the product S × P 1 .
Proof. By Proposition 4.7 the surface S is bimeromorphic to some complex torus S 0 , and a(S) = 1 by Theorem 6.4. From Corollary 5.9
we conclude that X is bimeromorphic to the projectivization of a holomorphic rank 2 vector bundle on a complex torus S 0 . Moreover, if a(X) = 2, then by Corollary 7.2 the threefold X is bimeromorphic to the product S × P 1 . Now we are ready to prove the main result of this paper.
The proof Theorem 1.4. Let τ : X S is the maximal rationally connected fibration. Since the manifold X is not algebraic, we have dim S = 2 and κ(S) 0 by Corollary 3.8. Also we know that the surface S is not algebraic by Lemma 3.4. It remains to apply Corollary 7.3.
